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1 Introduction 



The standard model (SM) has a large number of free parameters whose values are de- 
termined only experimentally. To reduce the number of these free parameters, and thus 
render it more predictive, one is usually led to enlarge the symmetry of the SM. For in- 
stance, unification of the SM forces based on the SU{5) GUT ^ was predicting one of the 
gauge couplings as well as the mass of the bottom quark 0. Now it seems that LEP 
data is suggesting that the symmetry of the unified theory should be further enlarged and 
become = 1 globally supersymmetric [Q. 

Relations among gauge and Yukawa couplings, which are missing in ordinary GUTs, 
could be a consequence of a further unification provided by a more fundamental theory at 
the Planck scale. Moreover, it might be possible that some of these relations are renormal- 
ization group invariant (RGI) below the Planck scale so that they are exactly preserved 
down to the GUT scale Mqut- In fact, one of our motivation in this paper is to point 
out such indication in the soft supersymmetry-breaking (SSB) sector in supersymmetric 
unified theories. 

In our recent studies 10-0], we have been searching for RGI relations among gauge 
and Yukawa couplings in various supersymmetric GUTs. Thus, the idea of gauge- Yukawa 
unification (GYU) 01-0 relies not only on a symmetry principle, but also on the principle 
of reduction of couplings |^ (see also P). This principle is based on the existence of 
RGI relations among couplings, which do not necessarily result from a symmetry, but 
nevertheless preserve perturbative renormalizability or even finiteness. Here we would 
like to focus on finite unified theories |jlO[-|0, 0], |0- 

Supersymmetry seems to be essential for a successful GYU, but, as it is for any realistic 
supersymmetric model, the breaking of supersymmetry has to be understood. We recall 
that the SSB parameters have dimensions greater than or equal to one and it is possible 
to treat dimensional couplings along the hne of GYU which shows that the SSB 

sector of a GYU model is controlled by the unified gaugino mass M. As for one- and 



two- loop finite SSB terms, only the universal solution for the SSB terms [10, M is known 
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so far. So another motivation of this paper is to re-investigate the conditions for the 
two-loop finite SSB terms and to express them in terms of simple sum rules for these 
parameters. We will indeed find that the universal solution can be relaxed for the SSB 
terms to be finite up to and including the two-loop corrections, and we will derive the 
two-loop corrected sum rule for the soft scalar-masses. We will comment on the possibility 
of all-order-finite SSB terms. 



The authors of have pointed out that the universal soft scalar masses also 

appear for dilaton-dominated supersymmetry breaking in 4D superstring models [ p7|] - 
| 29| . Ibanez (see also |^) gives a possible superstring interpretation to it. We shall 
examine whether or not the two-loop corrected sum rule can also be obtained in some 
string model. We will indeed find that there is a class of 4D orbifold models in which 
exactly the same sum rule is satisfied. It may be worth-mentioning that not only in finite 
GYU models, but also in nonfinte GYU models the same soft scalar-mass sum rule is 
satisfied at the one-loop level [^. In ref. a possible answer to why this happens is 
speculated. 

Motivated by the fact that the universal choice for the SSB terms can be relaxed, we 
will investigate the SSB sector of two finite SU{5) models. The SSB parameters of these 
models are constrained by the sum rule and also by the requirement that the electroweak 
gauge symmetry is radiatively broken [^. We will find that there is a parameter range 
for each model in which the lightest superparticle (LSP) is a neutralino, which will be 
compared with the case of the universal SSB parameters. The lightest Higgs turns out to 
be ~ 120 GeV. 
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2 Two-loop finiteness and Soft scalar-mass sum rule 



2.1 Two-loop finite SSB terms 

Various groups p4|, [1^ have independently computed the coefficients of the two-loop RG 
functions for SSB parameters [|. Here we would like to use them to re-investigate their 
two-loop finiteness and derive the two-loop soft scalar-mass sum rule. 
The superpotential is 

W = \ F*^'^ <l>,$,<l>fc + \ 12'^ , (1) 
o 2 

along with the Lagrangian for SSB terms, 

-£sB = ^h'''(P.cf^j(Pk + lb''(p^<pJ + l{rny,(P*'4>, + ^MXX + ll.c. (2) 

Since we would like to consider only finite theories here, we assume that the gauge group 
is a simple group and the one-loop j3 function of the gauge coupling g (A.l) vanishes, i.e., 

b = T{R) - 3C(G) = . (3) 

We also assume that the reduction equation 

/3f = P,dY^^'/dg (4) 

admits power series solutions of the form 

n=0 

where Pg and /Jy '^ are P functions of g and Y^^^, respectively. According to the finiteness 
theorem of ref. [^], the theory is then finite f\to all orders in perturbation theory, if the 
one-loop anomalous dimensions 7j-^^"' given in (A. 2) vanish, i.e., if 

lJ:p^m(o)f^m-^SiC{^) = (6) 
^ p,q 

^The RG functions ||ll|, |l^, |2j, |2|, |l^ are given in Appendix for completeness. 
^Finiteness here means only for dimensionless couplings, i.e. g and Y'^^'^. 
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is satisfied, where we have inserted V^^^ in into 7^^'*'' . We recall that if the conditions 
(0) and d^) are satisfied, the two-loop expansion coefficients in (||), p*^^^, vanish ||19|. (From 
(A. 6) ad (A. 7) we see that the two- loop coefficients jSj^^^ and 7]^'** vanish if jSj^^^ and 7]^'** 
vanish.) Further, the one- and two-loop finiteness for h^^'^ can be achieved by ||TT, 19 



l^ijk ^ -MY'^^ + ... = -Mpf^ g + 0{g^) , (7) 

which can be seen from (A. 9) if one uses eq. (^). Note further that the 0{g'^) term is 
absent in (0). As for there is no constraint; 6*-' is finite if eqs. and (0) are satisfied, 
which can be seen from the one- and two-loop coefficients of the (3 function for 6*-' (A.5) 
and (A.IO). 

Now, to obtain the two-loop sum rule for soft scalar masses, we assume that the lowest 
order coefficients p'^^^ and also (m^)* satisfy the diagonality relations 



Pipq{o)P\Q) oc 51 for all p and q and (m = , (8) 

respectively. Then one finds that 

[f^'^M = Ap,(o)pfoT ( "^'/2 + m?/2 + mj + y 

+ (Ap.(o)P|oT - ^^lC{^)) MM^g' + 0{g') , (9) 

where we have used p^^f^^ = (which implies that the Olg"^) term in (|^) is absent). Using 
the condition (^), the diagonality relations (§) and also the soft scalar- mass sum rule 
(which we are going to prove) 

{m1 + m] + ml )/MM^ = 1 + A^^^ + 0{g*) for i, j, k with p^J: ^ 0, (10) 

we find that eq. (^) can be written as 

[/^SH = 45/MMtC(.)A«ji^ + 0(/). (11) 

We will find shortly that the two-loop correction term A^^-* is given by 

= -2 5:[(m^/MMt) - (1/3)] T(i?,) • (12) 



Therefore, the A*-^-* vanishes for the universal choice 

1 



m- = KiMM^ with = - for all i , (13) 



in accord with the previous findings of refs. [|l^. The result agrees also with that of ref. 



|10| on = 4 theory; = 4 theory contains three = 1 chiral superfields in the adjoint 
representation, which means T(i?j) = C{G) {i = 1, 2, 3). If /ti + ^2 + ki = 1 is satisfied, 
we obtain 

A«(Ar = 4) = -2f][/s:,-(l/3)]C(G) = 0. (14) 

1=1 

To see that A^^^ is really given by eq. (|12|) for two-loop finiteness of , we recall that 
the two-loop /3 function for mj (A. 11) can be nicely organized as 



+^(h)^n [ h'^'-'Yir, + AMS^ C {u) ] + Ag^C {i)S' M M^l ) + H.c, (15) 

where 

S' = Y.i^i/MM^)T{Ri)-C{G) 
I 

= E[(mf/MMt) - (1/3)] T(i?,) for J] T(i?,) = 3C(G) , (16) 
I I 

and the coefficients A's are given in (A. 11). Using the one- loop finiteness conditions 
(which are ensured by eqs. (|]), (^, (^ and ([T0|)), we finally obtain 

[/^SK = +8g'CmM^S'5i. (17) 

It is now easy to see that this term can be canceled by the 0{g^) contribution to [/3£2]i 
(which is given in (|1|)) if A(i) is exactly given by eq. (0). Note that we have not shown 
that the sum rule (|^) is the unique solution for [Z?^]]]- That is, we have only shown that 
the sum rule (0) is a solution to 

Ap.(o)PJo7 [{ml + ml + ml)/\M\'-l] = -85'5/C(z) , (18) 
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but not in the opposite way. The question of whether the sum rule is the unique solution 
to (|T8|) depends on the concrete model of course. We will address the question when 



discussing concrete finite models and find that the sum rule (|iy) is the unique solution 
for these models. 

Since S' will be of 0{C{G)), the two-loop correction term in the sum rule (p!0| ) may 
be estimated as 

g' j^w^^dG). (19) 



IGtt^ tt 

If, however, the soft scalar masses are close to the universal one (|13]), the correction is 
small. In the concrete example of the SU{5) finite models which we will consider below, it 
will turn out that the soft scalar masses should differ from the universal one if we require 
that the LSP is a neutralino. But the two-loop correction term A*^^^ happens to vanish 
exactly, no matter how large the deviation from the universal choice of the soft scalar 
masses is. 

2.2 Coincidence 



It has been known p3| , p5| , |26| that the universal soft scalar masses which preserve their 
two-loop finiteness also appear for dilaton-dominated supersymmetry breaking in 4D su- 
perstring models [|2^-[|29[. Ibanez (see also [^) gives a possible superstring inter- 



pretation and argues that for dilaton dominance to work, the soft SSB terms have to 
be be independent of the particular choice of compactification and consistent with any 
possible compactification, in particular with a toroidal compactification preserving = 4 
supersymmetry. Given that the universality of the soft scalar masses can be relaxed (as 
we have shown above), we would like to examine whether or not the two-loop corrected 
sum rule ( p^Of ) can also be obtained in some string model. To this end, we consider a 
specific class of orbifold models with three untwisted moduli Ti,T2,T3 (which exist for 
instance in (0,2) symmetric abelian orbifold construction always). We then assume that 
some non-perturbative superpotential which breaks supersymmetry exists and that the 
dilation S and the moduli play the dominant role for supersymmetry breaking. The 



Kahler potential K and the gauge kinetic function / in this case assume the generic form 



K = -Hs + s'^) - Y.HTa+T:) +Y.K=liTa+T:Y'^n^ f = ks, (20) 



a=l 



where n° stand for modular weights and are fractional numbers, and k is the Kac-Moody 
level |Q-||3^. The SSB parameters in this class of models are given by p6|-||38|, 

mm 



M 



-\/3m3/2 sin6' , = m^/2(l + 3 cos^ 6 n^&l 



a=l 



(21) 
(22) 



a=l 



where 6 and (which parametrize the unknown mechanism of supersymmetry breaking 
||29|| ) are defined as /Y = V3ms/2 sin 9 and 

F^-/{Ta + T*) = V3m3/2Cos^e„ with ELi ©a = 1- In eq. (^ we have assumed Y'^^ is 
independent of 5* and T^. It is straightforward to see that the tree- level for of the sum 
rule (|TOD |2|, ^ ^, ^6^ 00 is satisfied, if 



-u = -(1,1,1) . 



(23) 



Note that the condition (p3|) ensures that + ln|iyp is invariant under the duality 
transformation. 



T 



(24) 



iCaTa -\- da 

where aa, ba, Ca satisfying da are integers and aada — baCa = 1. The Kahler potential K 



( [20| ) belongs to the general class of the Kahler potentials that lead to the tree-level sum 
rule [^. When gauge symmetries break, we generally have D-term contributions to the 
soft scalar masses. Such D-term contributions, however, do not appear in the sum rule, 
because each D-term contribution is proportional to the charge of the matter field $i ED 



•^Since the SSB parameter 5'^ are not constrained by two-loop finiteness, we do not consider it here. 
^We call the soft scalar-mass sum rule ( p^ ) without the two-loop correction term the tree-level sum 

rule. 
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We then would like to extend our discussion so as to include the two-loop correction 
in the sum rule (p^O]). In superstrings, the correction to the tree level relations among the 
SSB terms can be computed by using the fact that the target-space modular anomaly 



|T, 42, 2? I are canceled by the Green-Schwarz mechanism [43] and the threshold correc- 
tion coming from the massive sates P^ , The Green-Schwarz mechanism induces a 
nontrivial transformation of S under th duality transformation, which implies that the 
Kahler potential for the dilaton S has to be modified to the duality-invariant Kahler 
potential |2^, 

-InY , Y^S + S*-j2^^HTa + T:) , (25) 

a=l °^ 



where is the Green-Schwarz coefficient |4T| , p^ . This correction alters the tree-level 
formulae for h'^^'^ and m^, while the threshold correction coming from the massive sates 
modifies the tree-level gauge kinetic function f = S and hence changes the tree-level 
formula for the gaugino mass M. The requirement of the vanishing cosmological constant 



leads to the redefinition of the Goldstino parameters p6|-|3H] as 



^(^^-EIt^)^^" = VSmy.sine, (26) 

= v3m3/2 cos6'6a , (27) 



Ta + T* 
where 



©a = (l-5as/1^87r2)-V2e, , (2J 



and 6a is defined in (|2^). Note that the quantum modification ( [27| ) does not change 

the tree-level relation for h^^^ (^) at all, which coincides the two- loop result (0). This 

motivates us to assume that the relation for M also remains unchanged, which is true 

only if the contribution to the gauge kinetic function / coming from the massive states 

^ are absent. It is known (see also [2^) that such situation appears for the class 

of orbifold models in which the massive states are organized into = 4 supermultiplets 

and we obtain One can easily convince oneself that if the condition (^) is satisfied, the 
^The absence of the threshold effects coming from = 4 massive supermuhiplets has been first 
observed in an = 4 Yang-MiUs theory with spontaneously broken gauge symmetry |^6| . 
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tree-level sum rule for mf is modified to 

^=^^-1 - ^(i-EeS). (29) 

|M|2 sm e ^1 

In this case the duality anomaly should be canceled only by the Green-Schwarz mecha- 
nism, implying that pT| , |27| 

5^3 = -CiG)+j:T{Ri){l + 2nt) . (30) 
I 

After a straightforward calculation one then finds two identities: 



3 „2 ^2 



a=l / I a=l 



+|Een, (31) 

■J a=l 

- l^i:m,)(i+i:e>r). (32) 

where we have used Y = 2/ g"^. Using these identities, one can convince oneself that the 
two-loop corrected sum rule (0) coincides with the sum rule (p9D of the orbifold model 
up to and including 0{g^) terms. For finite theories {b = 0) it is possible to express the 
sum rule (^) in terms of field theory quantities only: 

mf + m] + ml ^ T(i?0(mf/|Mp - 1/3) 

|M|2 C(G') -87r2/^2 • y'^'^) 

It is remarkable that in this combination of the SSB terms the quantities such as the 
Goldstino angle parameterizing unknown supersymmerty breaking disappear. Since the 
sum rule ( p3[ ) can be seen as an exact result, we conjecture that the sum rule ( p3D and 
the tree-level form of the relation h^^'' = —MY^^^{g) are also exact results in field theory 
that result from the finiteness of the SSB parameters. 

2.3 Comment 

We next would like to comment on the possibility of having all-order finite SSB terms. 
To begin with we recall that the RG functions are renormalization-scheme dependent 
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starting at two-loop order. This is true, even if we assume that a mass-independent 
renormahzation-scheme is employed, except for the gauge coupling (3 function. There- 
fore, it could be possible to find a renormalization-scheme in which all the higher order 
coefficients of the /? functions (except for the gauge coupling /? function) vanish. Since 
we know explicitly the two-loop RG functions, we would like to ask whether we can find 
a renormalization scheme in which all the RG functions beyond the two-loop vanish. To 
simplify the problem, we assume that all the supersymmetric, massive parameters are set 
equal to zero and that Y"^^^ and h^"^^ have been reduced in favor of g and M. Suppose 
that we have found reparametrizations of g , M and such that the (3 functions, except 
for and (3^"^, beyond the two- loop order vanish. We then ask ourselves whether or not 
it is possible to find a reparametrization of m^'s of the form 

o4 

"^i ^ "^^i+TT^^i with Ki = rijm]+pi\M\'' , (34) 

where rij and pi are numbers, such that the three- loop (3 functions for m^'s vanish 
Inserting (|3^ ) into the one-loop (3 function (A. 4), we see that the three- loop terms in the 



(3 function should be canceled by the term 

pipg(o)pl^){Ki + Kj + Kk) , (35) 

where we have used eq. (^). Recall that because of the diagonahty condition (|]) the 
terms given above are proportional to 6l and so the total number of these terms, A^, is 
exactly the number of the chiral superfields present in the theory. It is clear that if these 
N terms are linearly independent, the three-loop contributions in the f3 functions for m?'s 
can be canceled by them. 

This algebraic question is very much related to the question of whether or not the sum 
rule is the unique solution to the two-loop finiteness, because it depends on the explicit 
form of p^^Qy One can convince oneself that if the sum rule is the unique solution to the 
two- loop finiteness and the sum rule does not fix m^/|Mp completely, the N terms given 
in (|35D are not linearly independent. In this case, it is not clear from the beginning that 



^It is possible to find a reparametrization of mf and then to make p'^l zero. 
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three-loop terms in the (3 function can be canceled by (0); one has to compute explicitly 
the three- loop contributions to see it. In the concrete models we will consider later, these 
N terms (^Sj) are not linearly independent. The string inspired result (^3|) should have 
a nontrivial meaning in this case; it suggests that the three-loop contributions can be 
canceled by a reparametrization of m^, because the reparametrization defined by 



can bring the "exact" result ( p3l) into the tree- level form. If, on the other hand, the 
sum rule is the unique solution to the two-loop finiteness and the sum rule fixes m^/|Mp 



completely, the iV terms ( p5| ) are linearly independent. We can then cancel all the three- 
loop contributions, which then can be continued to arbitrary order. 

3 Finite theories based on SU{b) 
3.1 General comments 

From the classification of theories with vanishing one- loop gauge f3 function [|I^ , one can 
easily see that there exist only two candidate possibilities to construct SU (5) GUTs with 
three generations. These possibilities require that the theory should contain as matter 
fields the chiral supermultiplets 5 , 5 , 10 , 5 , 24 with the multiplicities (6, 9, 4, 1, 0) and 
(4,7,3,0, 1), respectively. Only the second one contains a 24-plet which can be used to 
provide the spontaneous symmetry breaking (SB) of SU(5) down to SU (3) x SU{2) x f/(l). 
For the first model one has to incorporate another way, such as the Wilson flux breaking 
mechanism to achieve the desired SB of SU{b) Therefore, for a self-consistent field 
theory discussion we would like to concentrate only on the second possibility. 

It is clear, at least for the dimensionless couplings, that the matter content of a 
theory is only a necessary condition for all-order finiteness. Therefore, there exist, in 
principle, various finite models for a given matter content. However, during the early 
studies [0, |15[, the theorem that guarantees all-order finiteness and requires the 



existence of power series solution to any finite order in perturbation theory was not known. 
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The theorem introduces new constraints, in particular requires that the solution to the 
one-loop finiteness conditions should be non-degenerate and isolated. In most studies the 
freedom resulted as a consequence of the degeneracy in the one- and two-loop solutions 
has been used to make specific ansatze that could lead to phenomenologically acceptable 
predictions. Note that the existence of such freedom is incompatible with the power series 
solutions 0, [13. 

Taking into account the new constraints an all-order finite SU{5) model has been 
constructed |Q , which among others successfully predicted the bottom and the top quark 
masses 0, P). The later is due to the Gauge-and-Yukawa-of-the-third-generation Unifi- 
cation which has been achieved. In general the predictive power of a finite SU{5) 
model depends on the structure of the superpotential and on the way the four pairs of 
Higgs quintets and anti-quintets mix to produce the two Higgs doublets of the minimal 
supersymmetric standard model (MSSM). Given that the finiteness conditions do not 
restrict the mass terms, there is a lot of freedom offered by this sector of the theory in 
mixing the four pairs of Higgs fields. As a result it was possible in the early studies (a) 
to provide the adequate doublet-triplet splitting in the pair of 5 and 5 which couple to 
ordinary fermions so as to suppress the proton decay induced by the coloured triplets 
and (b) to introduce angles in the gauge- Yukawa relations suppressing in this way the 
strength of the Yukawa couplings. Concerning the requirement (b) one has to recall that 
at that time it was very unpleasant to have a top mass prediction at 0(150 — 200) GeV; 
the popular top quark mass was at 0(40) GeV. The above was most clearly stated in ref. 



15 | and has been revived [21| taking into account the recent data. However, it is clear 



that using the large freedom offered by the Higgs mass parameter space in requiring the 
condition (b) one strongly diminishes the beauty of a finite theory. Consequently, this 
freedom was abandoned in the recent studies of the all-loop finite SU(5) model and 
only the condition (a) was kept as a necessary requirement. 
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3.2 Models 

A predictive Gauge- Yukawa unified SU(5) model which is finite to all orders, in addition 
to the requirements mentioned already, should also have the following properties. 

1. One-loop anomalous dimensions are diagonal, i.e., 'jl^^'' oc 6{, according to the 
assumption (|). 

2. Three fermion generations, 5j = 1, 2, 3), obviously should not couple to 24. This 
can be achieved for instance by imposing B — L conservation. 

3. The two Higgs doublets of the MSSM should mostly be made out of a pair of Higgs 
quintet and anti-quintet, which couple to the third generation. 

In the following we discuss two versions of the all-order finite model. 
A: The model of ref. [Q. 

B: A slight variation of the model A, which can also be obtained from the class of the 
models suggested by Kazakov et al. |20[ with a modification to suppress non-diagonal 



anomalous dimensions. 

The quark mixing can be accommodated in these models, but for simplicity we neglect the 
intergenerational mixing and postpone the interesting problem of predicting the mixings 
to a future publication. 



The superpotential which describe the two models takes the form & EO 



3 1 

W = J2lo9:^0^^0^H^ + gfl0^5^Hi]+g^,102l03H^ 
i=l ^ 

+gi,1025sH4 + gt2^03^2H4 + j2dHa24Ha + ^i24f , (37) 

a=l 

where Ha and Ha (a = 1, ... ,4) stand for the Higgs quintets and anti-quintets. Given 
the superpotential W, we can compute now the 7 functions of the model, from which we 
then compute the f3 functions. We find: 
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7^ 



7- 



1^) 

5i 



7^^ 

'52 

7^^ 

7^4 
724 



167r2 
1 

167r2 
1 

167r2 
1 

167r2 
1 

167r2 
1 

167r2 
1 

167r2 
1 

167r2 
1 

167r2 
1 

T67r2 



/ + 3 + 2 (^72^)2 + 3 {g-,,f + 2 (^7: 



36 
36 

-y / + 3 (^/3")' + 2 (<73')' + 3 te)' + 2 (4)' 
24 



24 



--/ + 4((72')' + 4((7: 



5 

24 



J ' 



'23 J 



J\2 



1,2,3, 
1,2,3, 



(3J 



-|/ + 4(^,^3)^ + 4(4)2 + |(^{)^; 

a=l ^ 



The non-degenerate and isolated solutions to 7!'^'' = for the models {A , B} 



are: 



{9l 



u\2 



92? = {9tf = q , p9' , {92,f = {0 , 5}/ , {9'23r = (4)' = {0 , 5}/ ,(39) 

i9'r = f / , i9ir = {9if = {0 , , i9(r = o , i9ir = {i , o . 

We have explicitly checked that these solutions (|39| ) are also the solutions of the reduction 
equation (|[) and that they can be uniquely extended to the corresponding power series 
solutions @) ^. Consequently, these models are finite to all orders. 

After the reduction of couplings (^) the symmetry of W (|37D is enhanced: For the 
model A one finds that the superpotential has the Zi x Z-^ x Z2 discrete symmetry 

5i : (4,0,1), 52: (1,0,1), 53: (2,0,1), 
lOi : (1,1,1), 102:(2,2,1), IO3: (4,0,1), 

H, : (5,1,0), 7/2: (3,2,0), 1/3: (6,0,0), (40) 



^The coefficients in (|39| ) are slightly different from those in models considered in refs. 
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■ (-5,-1,0) , //2: (-3,-2,0) , i^s: (-6,0,0) , 
Hi : (0,0,0) , Hi ■ (0,0,0) , 24: (0,0,0) , 

while for the model B one finds Z4 x Z4 x defined as 

5i : (1,0,0), 62: (0,1,0), 53: (0,0,1), 

lOi : (1,0,0), IO2: (0,1,0), IO3: (0,0,1), 

H^ : (2,0,0), i72: (0,2,0), i^a: (0,0,2), (41) 

Hi : (-2,0,0), :ff2: (0,-2,0), :H^3:(0, 0,-2), 

Hi : (0,3,3) , :ff4: (0,-3,-3) , 24: (0,0,0) , 

where the numbers in the parenthesis stand for the charges under the discrete symmetries. 

The main difference of the models A and B is that three pairs of Higgs quintets and 
anti-quintets couple to the 24 for B so that it is not necessary |2^ to mix them with H^ 
and Hi in order to achieve the triplet-doublet splitting after SB of SU{^). This enhances 
the predicitivity, because then the mixing of the three pairs of Higgsess are strongly 
constrained to fit the phenomenology of the first two generations |2^ . 



Before we go to present our analysis on low-energy predictions of the models, we 
would like to discuss the structure of the sum rule for the soft scalar masses for each 
case. According to (H), we recall that they are supposed to be diagonal. From the one- 
loop finiteness for the soft scalar masses, we obtain (there are {10 , 13} equations for 15 
unknown k'^'^^'s): 

4) = 1 - 24°ol ,4 = 1- -fol - 4' = 1, 2, 3) , (42) 



4! = - - 4 , = - for A 



and 



^(0) 


= 1 - 










- 1 2kio3 






JO) 




^(0) 
'^lOi 


5i ' 


JO) _ 

%2 - 


JO) _ 


H, 3 


^- 2k(°^ 
^ ^'^103 ) 


(43) 


4°) 

52 


= 4°^ 

53 


4 

~ 3 ^ 




! ^^102 


— f^lOa 


^(0) _ i 
, «:24 - 3 


for B , 
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where we have defined 

^ = + ,. = 10„10„...,24. (44) 

We then use the solution (|39|) to calculate the actual value for S' by using eq. (|16|), which 



express the two-loop correction to the sum rule. Surprisingly, it turns out for both models 
that 

S' = . (45) 

That is, the one-loop sum rule in the present models is not corrected in two-loop order. 

Next we would like to address the question of whether the sum rule (p!OD is the unique 
solution to the two-loop finiteness. To this end, we recall that the two-loop finiteness for 
the soft scalar masses follows if eq. (|18]), i.e. 

P.p.(o)pfoT(«^;'^ + <^ + 4'^) = -8C(0E[<^-(l/3)]r(i?,) = -8C7(0S', (46) 

is satisfied. There are 15 equations for 15 unknown k'^^^^s. We find that the solution is 
not unique; it can be parameterized by {7,4} parameters for a given S' which is zero for 
the present models. For instance, 

= -2^' - 2k^I , 4] = -2S' - 4? - 41 = 1, 2, 3) , (47) 
(1) _ 45" (1) (1) _ 25" 



and 



f^Hi — 


-25' 


- 2k(') 


..(1) 
) "^24 


25" (1) 
— 2 ' '^102 




5 








'^hI = 




- K^') - 


-2S' - 








2S' 


^ ^^^103 5 


(4 


Ai) _ 
'^1 - 


-2S' 


5i 




..(1) _ ^(1) _ 


3 


3k(') 

-J '^103 


for 


B . 





As one can easily see that k^^^^s satisfy 

4 + 4 + '^'k^ = -2'5' = , (49) 

which shows that the sum rule ([T0|) in the present models is the unique solution to two-loop 
finiteness. 
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4 Predictions of Low Energy Parameters 



Since the gauge symmetry is spontaneously broken below Mgut, the finiteness conditions 
do not restrict the renormalization property at low energies, and all it remains are bound- 
ary conditions on the gauge and Yukawa couplings (|39[) and the h = —MY relation (|^ 
and the soft scalar-mass sum rule (|10D at Mgut- So we examine the evolution of these pa- 
rameters according to their renormalization group equations at two-loop for dimensionless 
parameters and at one-loop for dimensional ones with these boundary conditions. Below 
Mgut their evolution is assumed to be governed by the MSSM. We further assume a 
unique supersymmetry breaking scale Mg so that below Mg the SM is the correct effective 
theory. 

We recall that tan f3 is usually determined in the Higgs sector. However, it has turned 
out that in the case of GYU models it is convenient to define tan f3 by using the matching 



condition at Mg H7 



a. 



SM 



at sin^ /3 , 



ah cos^ P , a. 



SM 



ar cos^ P 



ax 



1 3 

-rf^ai + «2) cos^ 2/3 
4 5 



(50) 



where af^ {i = t, b, r) are the SM Yukawa couplings and a\ is the Higgs coupling («/ 
gj/ATr"^). With a given set of the input parameters 



M^ 



1.777 GeV , Mz = 91.188 GeV 



(51) 



with 49 



«em(Mz) 
sin^ OwiMz) 



8 Mt 
127.9 + — log-/ , 

0.2319 -3.03 X lO^^T 

Mt/[GeV] - 165 , 



^.4 X lO'^T^ , 



(52) 



the matching condition (|50D and the GYU boundary condition at Mgut can be satisfied 
only for a specific value of tan/3. Here M^-, Mt, Mz are pole masses, and the couplings 
above are defined in the MS scheme with six flavors. Under the assumptions specified 
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Table 1: Table 1: The predictions for different Ms for A 



Ms [GeV] 


«3(5f)(A^z) 


tan (3 


Mgut [GeV] 


Mb [GeV] 


Mt [GeV] 


300 


0.123 


54.1 


2.2 X 10^^ 


5.3 


183 


500 


0.122 


54.2 


1.9 X 10^6 


5.3 


183 


10^ 


0.120 


54.3 


1.5 X 10^^ 


5.2 


184 



Table 2: Table 2: The predictions for different Ms for B 



Ms [GeV] 


a3{5f)(^z) 


tan [3 


Mgut [GeV] 


Mfc [GeV] 


Mt [GeV] 


800 


0.120 


48.2 


1.5 X 10^^ 


5.4 


174 


10^ 


0.119 


48.2 


1.4 X 10^^ 


5.4 


174 


1.2 X 10^ 


0.118 


48.2 


1.3 X 10^^ 


5.4 


174 



above, it is possible without knowing the details of the scalar sector of the MSSM to 
predict various parameters such as the top quark mass |0]-[§]. We present them for the 
model A in table 1 and for the model B in table 2. 

Comparing, for instance, the Mt predictions above with the most recent experimental 
value 



Mt = (175.6 ± 5.5) GeV , (53) 

and recalling that the theoretical values for Mt given in the tables may suffer from a 
correction of less than ~ 4 % [^, we see that they are consistent with the experimental 
data. (For more details, see ref. 0, where various corrections on the predictions of GYU 
models such as the MSSM threshold corrections are estimated 

Now we come to the SSB sector. As mentioned, we impose at Mqut the h = —MY 
relation (0) and the soft scalar-mass sum rule ([lOD , i.e. ( ^2|) and (^Tj) for the models 



A and ( ^3]) and ( ^8]) for the model B, and calculate their low-energy values. To make 
^ The GUT threshold corrections in the SU{5) finite model are given in ref, [^ . 
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our unification idea and its consequence transparent, we shall make an oversimplifying 
assumption that the unique supersymmetry breaking scale Mg can be set equal to the 
unified gaugino mass M at Mgut- That is, we calculate the SSB parameters at Ms = M 
from which we then compute the spectrum of the superpartners by using the tree-level 
formulae 0. Since tan (3 by the dimension- zero sector because of GYU, one should examine 
each time whether GYU and the sum rule are consistent with the radiative breaking of 



the electroweak symmetry |31|. This concitency can be achieved, though not always, by 
using the freedom to fix the h term and the supersymmetric mass term /i which remain 
unconstrained by finiteness. 



As we can see from (^21) and p3|), the structure of the sum rules for the two models 



is different. Recall that the MSSM Higgs doublets, and Hd-, mostly stem from the 
third Higgsess i^a and ifa |3- Therefore, the scalar masses mf with i = Hi, H2, Hi, H2 
do not enter into the low-energy sector, implying that m^Qi 5 ''^f^ 5 ^^102 ^'-'^ 
model A, and m^Q^ and for the B, respectively, are free parameters. So in following 
discussions we would like to focus on the third-generation scalar-masses. The relevant 
sum rules at the GUT scale are thus given by 

mjj^ + 2mio = mjj^ +m^ + tuIq = for A , (54) 
"^k + 2"^io = , - 2"^io = > m|+ 3m^o = for B, (55) 

where we use as free parameters = m-^^ and mio = rriio^ for the model A, and m^o 
for B, in addition to M. 

First we present the result for the model A. We look for the parameter space in which 
the lighter s-tau mass squared m? is larger than the lightest neutralino mass squared ml 
(which is the LSP). In fig. 1, 2 and 3 we show this region in the mg — mio plane for 
M = Ms = 0.3, 0.5 and 1 TeV, respectively. The region with open squares does not lead 
to a successful radiative electroweak symmetry breaking, and the region with dots and 



^For the lightest Higgs mass we include rediative corrections. 

^°For the model A, this is an assumption as we have discussed, while for B this is a consequence of 
the unitarity of the mixing matrix of the three Higgsess |po|. 
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crosses defines the region with m| < and m| < m^, respectively. 
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Fig. 1: The region without squares, dots and crosses yields a neutralino as the LSP for 

the model A with M = 0.3 TeV. 
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Fig. 2: The same as fig. 1 with M = 0.5 TeV. 
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Fig. 3: The same as fig. 1 with M = 1 TeV. 
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Fig. 4: m| and for the universal choice of the soft scalar masses. 

In fig. 4 we show m| and for the universal choice m| = = at Mgut- We 

find that there is no region of = M below O(few) TeV in which m? > is satisfied. 

In table 3 we present the s-spectrum and the lightest Higgs mass rrih of the model A with 
M = 0.5 TeV, 777.5 — 0-3 TeV and 77710 = 0.5 TeV. (Radiative corrections are included in 
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Table 3: A representative example of the predictions for the s-spectrum for the model A. 



= ^xi (TeV) 


U.ZZ 


(TeV) 


i.Ub 


^X2 (TeV) 


U.4i 


mf = \ lev) 


U.OO 


^X3 (TeV) 


n no 


TTifj (, -l-eV) 


U.o4 


^X4 (TeV) 


n n /I 

u.y4 


(lev) 




"^xf (^^^^ 


n /1 1 
U.41 


vtiA (TeV) 


U.44 


m^± (TeV) 


0.94 


mjf± (TeV) 


0.45 


mf, (TeV) 


0.94 


(TeV) 


0.44 


^it2 (TcV) 


1.09 


rrih (TeV) 


0.12 


(TeV) 


0.86 







The model B has only two free SSB parameters m^o and M = (Mg). For a fixed M, 
the neutralino masses are independent of mio, while mf depends on it. Shown are m| 
and ml as function of mio in fig. 5, 6 and 7 for M = 0.5, 0.8 and 1 TeV. 




0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 

mio [TeV] 

Fig. 5: m~ and against mfg for M — 0.5 TeV. 
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[TeV]^ 




Fig. 6: The same as fig. 4 for M = 0.8 TeV. 



[TeV]^ 




Fig. 7: The same as fig. 4 for M = 1 TeV. 



In fig. 8 we plot the maximal value of m?, denoted by Max(m|), and for different 
values of M, which should be compared with fig. 9 in which we plot the case of the 
universal choice of the scalar masses. 
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Fig. 8: Max(m|) and as function of M 
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Fig. 9: m| and as function of M for the universal choice. 

As fig. 8 shows, M has to be relatively large to satisfy the constraint m| < for the 
model B. We find, for this model too, that there is no region of M below O(few) TeV for 
the universal choice in which m| < is satisfied. In Table 4 wc give a representative 
prediction for the s-spectrum for the model B, where we have used: M — 1 TeV and 
mio = 0.65 TeV. 
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Table 4: A representative example of the predictions of the s-spectrum for the model B. 



™x = ™xi (TeV) 


U.44 


(TeV) 


i. 


^X2 (TeV) 


n o /I 
U.o4 


nif = TUf^ (, J-eV) 




"^X3 (TeV) 


i.oo 


nif^ (, J-eV) 


u.6y 


"^X4 (TeV) 


1 on 
i.oy 


mi,^ UeV) 


U.62 


m^± (TeV) 


U.o4 


(TeV) 


U. /4 


m^± (TeV) 


1.39 


m//± (TeV 


0.75 


"^ti (TeV) 


1.60 


rriH (TeV 


0.74 


"^t2 (TeV) 


1.82 


(TeV) 


0.12 


m^^ (TeV) 


1.56 







5 Conclusion 

In this paper we have re-investigated the two-loop finiteness conditions for the SSB pa- 
rameters in softly broken = 1 supersymmetric Yang-Mills theories with a simple gauge 
group and found that the previously known result ||Tl|, |l^ on the h = —MY relation (|^ 



is necessary while the universal solution for the soft scalar masses can be continuously 



deformed to the sum rule (|10D 



Since it has been known 26, 23| that the universal soft scalar masses appear for 
dilaton-dominated supersymmetry breaking in 4D superstring models, we have examined 
whether or not the two-loop corrected soft scalar-mass sum rule can also be obtained 
in some string model. We have indeed found that the same sum rule is satisfied in a 
certain class of string models in which the massive string states are organized into = 4 
supermultiplets so that they do not contribute to the quantum modification of the gauge 
kinetic function. Since not only in finite GYU models, but also in nonfinte GYU models 
the same soft scalar- mass sum rule is satisfied at least at the one-loop level , we believe 
there exists something non-trivial behind these coincidences. 

Motivated by these facts, we have investigated the SSB sector of two finite SU{5) 
models A and B. We have found out that the two- loop corrections to the sum rule is 
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absent in these models. Since we do not know why this happens, it is an accident to us. 
Finally we have investigated the low-energy sector of these models. Using the sum rule 
and requiring that the LSP is neutral, we have constrained the parameter space of the 
low-energy SSB sector in each model and calculated the spectrum of the superparticles. 
We have found that the model A allows relatively light superparticles while in the model 
B they are heavier than ~ 0.5 TcV. The mass of the lightest Higgs is ~ 120 GeV. 

Taking into account all these results, we would like to conclude that the finite models 
we have considered are not only academically attractive, but also making interesting 
predictions which are consistent with the present experimental knowledge. 
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Appendix 



The RG functions which we have used in the text are defined as: 



dt 

d 
dt 



(167r2)" 
dt U (16-^)" 



d_ 

dt 



[m 



2\j 



2\n \-i'-^m^li ' 



where we assume that the gauge group is a simple group. The coefficients of the one-and 

are: 



two-loop RG functions ^ 0, ||, H, |19 



= [T{R) - 3C{G)] , /^t/ = 2M/5«/^ 



7. 



(i)i 



+ {k ^ i) + {k ^ j) , 
IP^lYi = (l/2)r.,,y^«"(m2)^„ + il/2)Y^^%,^{m')^ + 2Y,,,Y^^\m^)l 
+h,pgh^P'' - 86iMM^ g^ C{i) , 



7 



(2)i 



(l)n 



= 8^7C(G)/3«M + /d-i(G) 5: C{^) [ - A^^'^^'M + 2x\ 



(Al) 
(A2) 

{A.3) 

(AA) 
(A.5) 
{A.6) 

{A.7) 
{A.8) 
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-Y''^^%^^Y^^\^^> + (A; ^ ^) + (A; ^ j) , (A.9) 
+2^C(2)/5« [ 6*^- - ] + j) • (^-10) 

A 

+4|M|2C(z)5i' [3^/3^ + + H.c. , (A.ll) 
where S" is defined in eq. (p^Gf). Further references may be found for instance in ref. |^ 
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